Abstract. The paper concerns theory of anisotropic Orlicz spaces and its applications in continuum mechanics. Our main motivations are e.g. flow of non-Newtonian fluid and response of inelastic materials with non-standard growth conditions of the Cauchy stress tensor. The set of basic definitions and theorems with proofs is presented. We prove the existence of a weak solutions to the generalized Stokes system. Overview covering recent results in the referred topic is given.
1. Introduction. Our interest is dedicated to the properties of the anisotropic Orlicz spaces and their applications in continuum mechanics. By anisotropy in fluid mechanics we mean dependence on all components of the strain tensor, not only on the absolute value. The main motivation of the presented theory is to cover the response of the anisotropic fluids. Such fluids have one or more specific directions in which one can observe anisotropic behaviour. This phenomena could be caused by internal structure of the material or external stimulus.
Liquid crystals are the state of matter which has the properties of liquids, as well as the solid crystals. It means that they can flow like liquids, but its molecules may be oriented in a crystal-like way. On the other hand we consider materials which exhibit drastic changes in their rheological properties upon the application of an outer field (electric or magnetic). The electrorheological fluid consists of dielectric particles suspended in non-conducting oil. Dielectric in the outer electric field undergo polarization. Neighbouring dipolar particles are attracted to each other and are aligned with the lines of external field, thus producing the fibrous structures. The direction parallel to field lines is distinguished.
Anisotropic fluids are widely applicable in the common life. Most of the modern electronic displays are liquid crystal based. We can mention also magnetorheological shock absorber of buildings or in the automotive industry, magnetorheological damper and electroreheological clutch.
One of the main aims of this paper is to collect basic definitions and theorems concerning theory of anisotropic Orlicz spaces. We present the complete proofs in order to create the comprehensive reference to considered topic.
We focus on the steady flow of non-Newtonian incompressible fluids described by the system div (u ⊗ u) − div Σ(x, D(u)) + ∇p = f in Ω, (1) div u = 0 in Ω,
u(x) = 0 on ∂Ω,
where Ω ⊂ R d is an open, bounded set with a sufficiently smooth boundary ∂Ω, u : Ω → R d is the velocity of a fluid, f given body force, p : Ω → R the pressure, Σ − Ip is the Cauchy stress tensor and D(u) symmetric part of velocity gradient
T . We assume that Σ satisfies the following conditions (S1) Σ is a Carathéodory function (i.e., measurable w.r.t. x and continuous w.r.t. the last variable).
(S3) For all ξ, η ∈ R d×d sym and for a.a.
By standard growth conditions we understand polynomial growth, see e.g. Ref. [8] , namely
We will show in Sec. 1.1 why the anisotropic Orlicz spaces are proper spaces to cover flow of non-Newtonian fluids with non-standard growth conditions of the Cauchy stress tensor.
Another field where the problem formulation in Orlicz spaces is appropriate is an inelastic deformation theory. The anisotropy of the material arises from different plastic properties in different directions. As an example we present a quasistatic system capturing the viscoplastic deformation behaviour of solids at small strain.
where Ω ⊂ R 3 is a bounded domain with a smooth boundary ∂Ω, u :
sym is the Cauchy stress tensor,
sym is the inelastic deformation tensor. Moreover, the function F : Ω×(0, T ) → R 3 describes the external forces acting on the material, D : R
3×3
sym → R 3×3 sym is the elasticity tensor which is assumed to be constant in time and space, symmetric and positive definite. Moreover, G :
sym is the inelastic constitutive function and the map P is defined by P T = T − The condition (S1) is obviously fulfilled. We consider the convex, N -function (def. 2.1)M which takes as an argument symmetric part of velocity gradient and depends on x by electric field
The Cauchy stress Σ is a gradient of functionM
which implies that Fenchel-Young inequality (rem. 1) becomes the equality, i.e.
Monotonicity condition (S3) also follows form convexity ofM and (18)
sym and a.a. x ∈ Ω. More details concerning theory of convex functions can be found in [11] .
Moreover we justify that given example is thermodynamically admissible, namely
2. Generalized Orlicz spaces. 
Definition 2.2. We say that an N-function M satisfies ∆ 2 −condition (or equivalently is ∆ 2 −regular) if for some non-negative, integrable in Ω function h and a constant k > 0
for η ∈ R d×d sym , and a.a. x ∈ Ω. The complementary function M * is also an N-function.
Remark 1. (Fenchel-Young inequality).
Let M be an N-function and M * a complementary to M . Then the following inequality is satisfied 
Orlicz and Luxemburg norms are equivalent. The proof in less general case (i.e. M (x, |ξ|)) can be found in [9] . Definition 2.8. By E M (Ω) we mean the closure in L M (Ω) of all measurable and bounded functions. Definition 2.9. We say that a sequence
We will use the notation
3. Basic theorems. Proof. We will prove the completeness w.r.t Orlicz norm. Let
By putting
to (24) we obtain
Thus ξ ∈ L M (Ω) and ξ − ξ n M → 0 with n → ∞. This completes the proof.
Lemma 3.2. Generalized Hölder inequality Let M be an N -function and M * its complementary, then
where
We finish the proof of (26) by multiplying above inequality by ξ M η M * .
Before we prove Theorem 3.3, we will show the following lemma.
belongs to the space (E M (Ω)) * and its norm in that space fulfils
Proof. It follows by Hölder inequality (26) that
Proof. of the Theorem 3.3 Lemma 3.4 has already shown that any element η ∈ L M * (Ω) defines a bounded linear functional F η on E M (Ω) which is given by (27). It remains to show that every bounded linear functional on
be an auxiliary function and r ∈ [0, ∞). This function is needed to generalise the approach presented in [1] . Since
we have
Since the right-hand side of (29) converges to zero when |S| converges to zero, the measure λ is absolutely continuous w.r.t Lebesgue measure. By Radon-Nikodym and Riesz theorems, cf. [15] , λ can be expressed in the form
for some η integrable on Ω. Therefore
holds for measurable bounded functions ξ.
If ξ ∈ E M (Ω) we can find a sequence of measurable functions ξ i which converges a.e. to ξ and satisfies |ξ i | ≤ |ξ| on Ω. Since |ξ i : η| converges a.e to |ξ : η|, Fatou's lemma yields
Hence the linear functional
Since F η and F achieve the same values on the measurable, simple functions, a set which is dense in E M (Ω), they agree on E M (Ω) and the proof is completed.
Theorem 3.5. The space E M (Ω) is separable.
Proof. The theorem can be proved in two steps. First we approximate u ∈ E M (Ω) by simple functions. Then a dominated convergence argument shows that the simple functions converge in norm to u in E M (Ω). Proof. We begin the proof with the fact that if M is ∆ 2 −regular then
. The second part of the proof can be shown by contradiction using Luzin's theorem, cf. [7] . And by definition of E M (Ω) we obtain separability of L M (Ω). Proof. Form the proof of the theorem 3.6 we know that if M is ∆ 2 -regular then For the proof see [3] . Proposition 1. Let M be an N -function and M * its complementary function. Suppose that the sequences ψ j : Ω → R d×d and φ
. For the proof see [3] .
In the statement of the next theorem, an N −function has the same properties as before, but it is defined on R + . To avoid confusion, we denote it with a small letter m.
Theorem 3.9. Let Ω be a bounded domain with a Lipschitz boundary. Let m be an N -function satisfying ∆ 2 -condition and such that m γ is quasiconvex for some γ ∈ (0, 1). Then, for any f ∈ L m (Ω; R) such that Ω f dx = 0, the problem of finding a vector field v : Ω → R n such that
has at least one solution v ∈ L m (Ω; R n ) and ∇v ∈ L m (Ω; R n×n ). Moreover, for some positive constant c
For the proof see e.g. [14] . 4 . Generalized Stokes problem. The present section is directed to the existence of weak solutions of the steady generalized Stokes problem. Omitting the convective term we can skip the assumption on the lower growth of the N −function. We shall also provide the proof without an assumption that M * satisfies ∆ 2 −condition. Contrary to most of the results mentioned in Section 5 where shear thickening fluids were considered, here we direct our attention to shear thinning fluids. The framework is based on the closures of smooth functions with respect to various topologies. Because of the smoothing procedure we may consider the case of still anisotropic, but homogenous function M : R d×d sym → R + . We will consider simplification of system (1)-(3) namely the generalized Stokes system
where Ω ⊂ R d is an open, bounded set with a sufficiently smooth boundary ∂Ω, u : Ω → R d is the velocity of a fluid and p : Ω → R the pressure, Σ−pI is the Cauchy stress tensor. We assume that Σ satisfies conditions (S1)-(S3). The main result of this section concerns existence of the weak solutions to the system (31)-(33). 
Definitions and notation. The following notation is used
2. weak-star topology of L M (Ω), which we denote by
Moreover, by BD M (Ω) we denote the space of functions with symmetric gradient in L M (Ω), namely
Remark 2. The space BD M (Ω) is a Banach space with a norm
and it is a subspace of the space of bounded deformations BD(Ω)
here M(Ω) denotes the space of bounded measures on Ω.
We also define the subspace and the subset of BD M (Ω) as follows
Where according to [13, Theorem 1.
(36) holds for every φ ∈ C 1 (Ω), where n is the unit outward normal vector on ∂Ω and γ 0 (u i ) is the i-th component of γ 0 (u) and 
The N −functions m and m are defined on R + .
Existence result.
Theorem 4.1. Let condition C1. or C2. be satisfied (C1) Ω is a bounded star-shaped domain, (C2) Ω is a bounded non-star-shaped domain and
for all r ∈ R + , and m satisfies ∆ 2 -condition. Let M be an N -function and Σ satisfy conditions (S1)-(S3). Then, for given
for all ϕ ∈ V.
We will not present the complete proof of existence of the weak solutions to the boundary value problem (31)-(33). The following lemmas 4.3 and 4.4 provide the crucial step in the proof. The omitted parts follow the same steps as presented in [4] . 
Proof. The above variant of the Korn-Sobolev inequality was prooved in [5] . 
Proof. The proof follows the similar lines as the proof of unsteady case from [5] . We focus only on the inclusion 
Now we pass to the weak-star limit in (44), it is possible, due to linearity of all terms. It implies that the boundary term vanishes. Let x 0 be a vantage point of Ω and λ ∈ (0, 1). We define auxiliary function v λ (x) as follows
Let
, has a compact support in B(0, 1) and
) and the convolution is done w.r.t. space variable x, ε < ε λ 2 . Note that u λ,ε also vanishes on the boundary. Now we pass to the limit with ε → 0 and hence
in measure on the set Ω. By the analogous argumentation as in the proof of Lemma 4.2, we show the uniform integrability of {M (D(u λ,ε ))} ε>0 . The convexity of M implies that for all θ > 0 the following inequality holds
Since
is provided by lemma 3.8
We pass to the lmit with λ → 1 and obtain that D(u λ )
, which completes the first part of the proof.
It remains to prove (41). We define
where ε < ε λ 2 . We test equation (41) with sufficiently regular test function u
To treat the left-hand side of (49) we follow the ideas presented in the first part of the proof. For proving the convergence of the term Ω f ·u λ,ε dx we apply Lemma 4.2 to m and obtain By passing to the limit with ε, λ in (49) we obtain that
In the case of non-star-shaped the additional condition is assumed. We control the anisotropy in terms of the spread between auxiliary functions m(r) and m(r). Proof. If Ω is a Lipschitz domain, then there exists a finite family of star-shaped domains {Ω i } i∈J such that Ω = i∈J Ω i see e.g. [10] . We introduce the partition of unity θ i with 0 ≤ θ i ≤ 1, θ i ∈ C 
